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We study a system of nonlinear differential equations (1). Imposing certain restrictions 

OR the functions appearing on the right in (1) and on the roots of the secular equation, we 

obtain a number of stability theorems, on stability in the large and on the instability of 
the zero solution. 

Let us consider the following system of differential equations 
dz 
yjf- =I p& (‘* II’ . . ., q +...+ P,,(P, (4 11. . _ .* x*1 (.p= 1. 2, . . .I n) (1) 

where PI&are real constants, while functions v‘ are defined and continuous in the region 

givenby (h)t>q ~zljq/~~+...+q<_~, (‘p‘ f’. 0, . . . , 0) E 0) 

In certain isolated cases we can base our deductions about the stability or instability 

of the zero solution of (1) on the properties of the roots of 

det II psr -M)rLJ=O (2) 

For example, we can formulate the following theorems. 
Theorem 1, Let the right sides of (1) be such that the function 

n 

u (L, 2,’ . . ., f) = yJ a,‘p, e. 21’ . . ., InI (3) 
r=r 

where at least one of the numbers 0‘ # 0 , is sign-definite. If, at the same time, Eq. (2) 
has no zero roots, then the zero solution of (1) is unstable. 

Proof. We shaII seek the following linear form 

8 (II. . . ., q =i b,r‘ (4) 
*El 

whose total derivative satisfies, by (l), the relation 
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p’ = bl I P,~& & xi. . . . v q + . . + Psn9, (‘. rl’ . . . 1, =,)I = 
#==I n 

=I3 n,qJ,(f, 3,’ . . . . rn) = u (f, I,’ . . .* In) (5) 
a-1 

Equating the coefficients of ‘p, (I, ~1, . . ., r,) on both sides of (5), we obtain the sys- 
tem 

PJ‘& + . . * + P,b, = 0, (t = 1, 2, . . .) n) 

whose determinant is not equal to zero. 

Thus the required form v exists and, as it can easily be seen, satisfies all conditions of 
the first Liapunov theorem on instability. 

Theorem 2. Let the coefficients of system (1) satisfy the conditjon 

p.~ -2 0 when I # k (t, k = 1. 2, . . ., n) (6) 

and let us suppose that such positive constants a, exist, that the function 
n 

L’ (f, I,’ . . ., 2,,) = 2 z,q* (k =I’ . . .I yJ “F f (7) 
r-1 

(where ips(L,ti ,..., r.,) z 11 when 2, = 0). is always positive. If, at the same time, all 
roots of Eq.(2) have negative real parts, then the zero solution of the system under con- 
sideration is stable. 

Proof. We consider the following linear system of differential equations: 

% 
x = PSI=1 + * * * + PsnZn (S = i. 2. * . ., n) (St 

whose coefficients psk coincide with the corresponding coefficients of (1). 
From Lemma 4.1 given by Krasnosel’skii in [l] it follows that if condition (6) holds, 

then (C) t > 9, I‘ a 0 (t - 1, 2, . . ., n) 

constitutes a positive invariant set for system (8). 
Let us choose the following linear form: n 

r (rt, . . .I T") = x 9,Z‘ (9) 
a=1 

whose total derivative satisfies, by virtue of (8), the following relation in the region G : 
n 

u* ;= 
i 5, @,11.1-i- . f . f Pp,‘J = - 2 z=‘ (W 
SE1 J=I 

Such a choice of I‘ is feasible, since the determinant of 

PllSI f * ’ * -j-p&, = -a, (s= 1,2,.. .,n) (If) 

is not equal to zero. In addition, all @, defined by (11) will be positive. 
Indeed, using (10) we can easily show that all fl, # 0; moreover, if only one p, < 0. 

then the form (9) will satisfy in G all conditions of the first Liapunov theorem on insta- 
bility, by virtue of the system (8), and the zero solution of this system is asymptotically 

stable. Thus, all JJ > 9. 
Let us now put 

I’ (XI1 . . ., ‘J = i: 8, It. I (12) 
t=i 

Using (6) and (11) we easily find that the right total derivative of V and C will satisfy, 
by virtue of (l), the inequality 
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This implies that all conditions of the Liapunov theorem on stabilit)l hold for the sys- 

tem (1). 
The following theorem is proved in an entirely analogous manner. 
Theorem 3. If conditions of Theorem 2 hold and the function U (t, ~1, . . ., fn) 

defined by (7) is ~sitive-definite for some a, > 0, then the zero solution of (1) is asymp- 
totically stable uniformly in to and zsl. 

Corollary. Let the domain h of definition of the right sides of (1) be given by 

t > 0, ii t Jr < M. 
If conditions ofthe Theorem 3 hold in this domain, then the zero solution of the system 

considered is asymptotically stable in the large uniformly in to and Q. 
Indeed, in this case, by virtue of the system (1). form (12) will satisfy all conditions of 

the theorem on the asymptotic uniform stability in the large given in @]. 
Let us further consider the system of equations 

dr 

--L = P&t (+ . dt . .* ‘,) i- . . . + p*,‘p, (1,. . . .* Z,) .+ Rs (I,. . . ., r*) 

(x=i.%...,.) (i?.) 

where p,k are real constants, .?ps denote certain polynomials in 21, . . ., I, of degree 
not larger than tn. while the functions R,can be expanded in series in powers of x, in 
some neighborhood of the origin. These series begin with terms of order not less than 
m _t 1. 

Theorem 4. Let the system (13) be such, that the function 

u(tl, . . ..rJ= 
Ii 

as'P, (21.. . .I "J 

0=1 

w 

where at least one of the numbers (I, + 0, is sign-definite. If, in addition, Eq. (2) has no 
zero roots, then the zero solution of the system under consideration will be unstable. 

Indeed, by (13). in this case the total derivative of linear form (4) in a sufficiently 
small neighborh~d of the coordinate origin will be a sign-def~ite function. 

Theorem 5, Let the coefficients pat of (13) satisfy (6). If, in addition, the function 
n 

I4 (X1. . . ., .rn) = 2 a,qr (x1. . . . . rn) sgn z1 (oV> 0) (15) 
S-=1 

where qs (XI ,..., r,,) - 0 when rs : 0 is positive-definite and if all the roots of (2) have 
negative real parts, then the zero solution of the system under consideration is asympto- 
tically stable uniformly in fo and 1~0. To conclude, we consider several examples, Let 
the following system of equations be given: 

2’ = - 2ry + Rl (t. Yt 2) 

y’ = 2yr _t ?+R,k*l/, 2) 06) 

2’ = ‘y - ii - Et + R, (2, y, zf 

Here the expansions of the functions R, into series in the powers of I, y and z begin 
in some neighborho~ of the origin with terms of order not lower than the third. Setting 
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‘p* = ?ry, n = sy: + 9. ‘IS z :y - 222 - r 

and choosing a, = 0, a, = - 1 and a3 = 2 we find that the function 

becomes negative-definite, and that Eq.(2) of the system has no zero roots. Therefore, 

by Theorem4, the zero solution of (16) is unstable. 
We further consider the svstem 

dr ’ 
-?- = P,*O, PII + . . . + P,,C, (rJ dt (z=l, 2.. . ..n) 

where psk are real constants and qs (rJ are continuous functions satisfying the conditions 

VI (0) = 0; (FF (I~) sgn r, > 0 when rS # 0 (s = i, 2, . . . , n) (18) 

If q/;(rk)=zk when I, : l,..,, I where 1 < n, we obtain a control system with one 

or more control mechanisms. 

Let the coefficients of (17) satisfy (6). and let all roots of (2) have negative real parts. 
Then the corollary of Theorem 3 implies that the zero solution of the system will be 
uniformly asymptotically stable in the large for any continuous functions cp. (z~) satisfy- 

ing (18). 
N o t e . If the above assumptions concerning the right-hand sides of the system (17) 

hold and if Eq.(2) has no zero roots but at least one of its roots has a positive real part, 
then the zero solution of the system is unstable. 

Indeed, when conditions (6) and (18) hold, then the region C will be [l] a positive 

invariant set for system (17). It can easily be shown that a function p of the type (4) 
whose coefficients b, are to be determined from the system 

p,,bl -_- . . . -j-p,,Lb,,=I (s=f,2,...,n) (19) 

will satisfy in G (by virtue of (17)) all conditions of the first Liapunov theorem on insta- 

bility. 
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